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I. INTRODUCTION 



Seemingly Dicke was the first physicist who called attention upon the importance of 
the transformations of units in physics Under a units transformation the coordinate 
system is held fixed. Hence, the labeling of the spacetime coincidences is invariant, while 
the curvature scalar and other purely geometrical scalars, invariant under general coordi- 
nate transformations, are generally not invariant under a units transformation. Therefore, 
spacetime measurements [observations] being nothing but just verifications of the space- 
time coincidences, are invariant too under general transformations of units. Moreover, it 
is evident that the particular values of the units of measure employed are arbitrary, i.e., 
the physical laws must be invariant under a transformation of units This simple argu- 
ment suggests that Einstein's general relativity (GR) in its actual form due to the action 
Sgr = I d*x^/^{R + IGTrLmatter), whcre R is the curvature scalar and Lmatter is the La- 
grangian for the matter fields, is not a complete theory of spacetime. In fact, since the scalar 
R changes under a general transformation of units, then the laws of gravitation derived from 
the canonical action for GR change too. This conclusion is not a new one. Einstein's GR 
is intrinsically linked with the occurrence of spacetime singularities and, it is the hope that, 
when quantum effects would be included, the singularities would be removed from the de- 
scription of the physical world. Other arguments showing that canonical Einstein's GR is 
incomplete come from string theory. This theory suggests that a scalar field (the dilaton) 
should be coupled to gravity in the low-energy limit of the theory p|. 

Brans-Dicke (BD) theory of gravitation [and scalar-tensor(ST) theories in general] repre- 
sents a natural generalization of Einstein's GR. This theory was first presented in reference 
10] and subsequently reformulated by Dicke |[^ in a conformal frame where the BD gravita- 
tional laws seemed like the Einstein's laws of gravitation. Both formulations of BD theory 
are linked by the conformal rescaling of the spacetime metric, 

Qab = fl^{x)gab, (1-1) 

where Q{x) is a smooth, nonvanishing function on the spacetime manifold. Under (1.1) the 
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coordinate system is held fixed as we have aheady remarked. This transformation can be 
viewed as a particular transformation of units: a point-dependent scale factor applied to 
the units of length, time and reciprocal mass [|^. In effect, if one takes the arc-length as 
one's unit of measurement [length and time unit since the speed of light c = 1] hence, since 
ds = Q{x)ds, the units of length and time in the conformal frame are point-dependent even 
if ds is a constant along a geodesic in the original frame. In the same way, in Brans-Dicke 
theory the mass unit transforms [under (1.1)] as m = Q~^{x)m. Hence, in the conformal 
frame the unit of mass rh will be point-dependent even if m [the unit of mass in the original 
formulation] is a constant. 

The original formulation of BD theory was based on the following action 0] : 

Sbd = J d^x^{<f)R - ^(V0)2 + IGnL^atter). (1.2) 

where R is the Ricci scalar, is the BD scalar field, and u is the BD coupling constant -a 
free parameter of the theory. Under (1.1) with Q"^ = 0, (1.2) is mapped into the conformal 
formulation of BD theory [|^ , 

Sbd = J d^x^{R -{00 + ^)(W)' + IQne-^^ L^atter), (1.3) 

where the scalar field has been redefined according to (p e"^. The gravitational laws de- 
rived from (1.2) change too under (1.1) with = cj). It is evident from the different forms 
of the actions (1.2) and (1.3). At the same time, under this transformation, the laws of 
Riemann geometry change and, what appears to be a Riemann manifold with metric Qab is 
transformed under (1.1) into a manifold of conformally-Riemannian structure with metric cjah 
0-0] .0 Conformally-Riemannian manifolds are also aknowledged as Weyl-integrable space- 
times (WISTs) [0 . They are a special kind of Weyl spacetimes that are of particular interest 
since they are free of the "second clock effect" that leads to observational inconsistencies [§. 

^The fact that the arbitrariness in the metric tensor (due to the arbitrariness in the choice of the 
units of measure) raises questions about the significance of Riemann geometry in relativity, was 
advanced by Brans and Dicke in reference [^ 
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Weyl geometry is a class of geometries that admit units of measure that may vary 
along transport. Put in other words; this geometry has a conformal degree of freedom that 
is related with the freedom in the choice of the units of measure. In this sense it represents 
a generalization of Einstein's GR. This feature of Weyl geometry in general [and Weyl- 
integrable geometry (WIG) in particular] is compatible with the fact, noted by Dicke [|T|, 
that "... there may be more than one feasible way of stablishing the equality of units at 
different spacetime points. It is evident then, that the equations of motion of matter must 
be invariant under a general coordinate-dependent transformation of units...". 



In Ref. [|TOl, following the spirit of the idea put forth by Dicke in Ref. and developed 



in Ref. |jTT]JT^, I raised the requirement that the laws of physics must be invariant not only 
under general coordinate transformations but, also, under point-dependent transformations 
of the units of length, time and mas^ to a cathegory of a postulate that I called therein 
as "Brans-Dicke postulate": The laws of physics, including the laws of gravitation, must 
be invariant under the transformations of the group of point- dependent transformations of 
the units of length, time and mass. In the present paper I shall study the consequences 
this postulate leads to when dealing with the geometrical structure of spacetime. In this 
sense I shall extend the "Brans-Dicke postulate" |T^ to our geometrical discussion since, it 
is evident that, the particular choice of the units of the geometry should not influence the 
geometrical laws. Any consistent geometrical description should he insensible to the units 
one chooses. 

Since there are decisive arguments against the assumption of a general conformal sym- 
metry of the physical laws hence the usefulness and scope of the BD postulate should 
be discussed in detail. In this sense it will be shown that although, in the general case, 
conformal symmetry is not a symmetry of the laws of gravity, there is a particular set of 



^These transformations are meaningless from the physical point of view 

^The elegance and usefulness of this symmetry has been used, for instance, in Ref. [11,1 
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one-parameter conformal transformations of the metric tensor that constitute a group of 
symmetry of the conformal formulation of general relativity (conformal GR) [see below] 
and, consequently, of conformally-Riemannian [Weyl-integrable] geometry. Therefore this 
group is identified with the one-parameter group of point-dependent transformations of the 
units of length, time and mass. In consequence, symmetry arguments hint at conformal 
GR as the most viable [physically complete] formulation of the low-energy laws of gravity 
[among those studied in the present paper] and at spacetimes of WIST configuration as 
corresponding underlying manifolds where to put these laws. 

The class of conformal rescalings that are usually used to "jump" from one formulation of 
generic scalar-tensor, non-linear, and Kaluza-Klein theories of gravity [among others] to their 
conformal formulations can not be interpreted properly as transformations of units. In this 
sense I shall note that the geometrical interpretation of the conformal transformation (1.1) as 
a transformation of the units of length, time and mass is not justified in the general case since, 
in view of the discussion above, invariance under the [physically meaningless] transformations 
of the units of measure is an obvious requirement any consistently formulated physical law 
must share. For this reason, in what follows, the conformal transformations that constitute 
a group of symmetry of conformal GR [and, consequently, of WIG] I shall call as "group 
of transformations of the units of length, time and mass" or, simply, "transformations of 
units". Meanwhile, the transformations that allow jumping from the original fromulation of 
the theory to its conformal formulation I shall call as "proper conformal transformations" or. 



simply, "conformal transformations" [|T0|. Hence, the set of conformal rescalings of the metric 
[Eq.(l.l)] consists of the "transformations of units" and of the "conformal transformations". 
In virtue of the discussion above, this distinction is absolutely neccessary. There are now 
clear the differences between the statements such as, for instance, "the laws of gravity are 
not invariant under the conformal rescalings of the metric" and "the laws of gravity must be 
invariant under the transformations of the units of measure". Both statements are correct. 
They are not alternative, but, complementary to each other. 

This paper has been motivated, in part, by the ambitious program Brans and Dicke 



outlined in the classical paper Ref. 0, where they made evident their hope that "...the 
physical content of the theory should be contained in the invariants of the group of position- 
dependent transformations of units and coordiante transformations". In part it has been 
motivated by some interesting features of Weyl-integrable geometry. In particular the possi- 
ble connection between Weyl-integrable structures and quantum behaviour P,p^|-p^. This 
posibility is briefly investigated in the present paper. 

The paper has been organized in the following way. In Sec. II a brief survey on Weyl- 
integrable geometry is given and the consequences of the linkage of WIST geometry with an 
effective theory of spacetime are outlined. Sec. Ill is the main part of this paper. It is fully 
devoted to the subject of conformal transformations of the kind (1.1). It will be shown, in 
particular, that the conformal transformation used to go from one formulation of BD and 
GR theories into their conformal formulations (transformation (1.1) with fi^ = = e"^) is 
not properly a units transformation. Consequently I define what I call the group of units 
transformations. In this section we show also, that Weyl-integrable geometry is a consistent 
framework where to formulate the gravitational laws since the basic requirement on which 
WIST geometry rests is invariant in respect to the transformations of this group as required 
by the Brans-Dicke postulate. Riemann geometry does not share this invariance. Hence, 
the conformal formulation of Einstein's GR in which the underlying manifold is of WIST 
structure, gives a consistent formulation of the laws of gravity unlike BD theory and the 
canonical formulation of GR. The issue of the spacetime singularities will be treated in 
Sec. IV. It will be shown there that singularities that occur in Riemannian spacetimes are 
removed (not apparently but effectively) in their conformally-Riemannian spacetimes that 
is made evident, as illustration, for the Schwarzschild metric and for Friedmann- Robertson- 
Walker cosmology. In Sec. V we present some considerations in favour of Weyl-integrable 
geometry as an intrinsically quantum geometry. Part of these considerations are based in the 



de Broglie-Bohm quantum theory of motion and on an idea advanced in reference JTS 
Finally, in Sec. VI we discuss on the meaning of the Brans-Dicke postulate for geometry. 
We are led to the notion of geometrical relativity that, we hope, will represent a natural 



extension of general relativity to include invariance under the group of units transformations. 



II. WEYL-INTEGRABLE GEOMETRY AND MATTER COUPLINGS 

In Ref. 0] it has been remarked that both from a priori and a posteriori standpoints, 
in the canonical Einstein's formulation of general relativity that is generated by the action 
Sgr = / d^Xy/^R, "...the structure of physical spacetime must correspond unequivocally 
to that of a Riemann manifold..." . The same is true for GR with matter content. In general, 
theories with minimal coupling of the matter content to the metric field are naturally linked 



with manifolds of Riemann structure [T^. In fact, in theories with the matter part of the 
action of the kind 

Smatter = ISvT J d^Xyf—g Lmatteri (2-1) 

the [time-like] matter particles follow free-motion paths that are solutions of the following 
differential equation 

cis^ as as 

where {^^} = \g"'^{gbn,c + gcn,b — gbc,n) are the Christoffel symbols of the metric. Eq.(2.2) 
coincides with the equation defining [time-like] geodesic curves in Riemannian spacetimes. 
In general a Riemann configuration is characterized by the requirement that the covariant 
derivatives of the metric tensor vanish, i.e., 

9ab;c = 0, (2.3) 

where semicolon denotes covariant differentiation in a general affine sense .0 Fulfillment of 
this condition leads the manifold affine connections F^^ to become identical to the Christoffel 
symbols j^*^} of the metric (i.e., F^^ = {^c})- Hence, a Riemann configuration of spacetime 



^We use, mainly, the notation of Ref. Q 
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is characterized by the requirement that gab\\c = 0, where the double bar denotes covariant 
differentiation defined through the Christoffel symbols of the metric [instead of the affine 
connections F^^]. This requirement implies that vector lengths do not change under parallel 
transport, meaning that the units of measure of the geometry are point-independent. 

Therefore, in both Jordan frame BD theory that is derivable from the action Eq. (1.2) 
and Einstein frame general relativity with an additional scalar field that is derivable from 

Sgb. = J d^x^{R - aiy^lj f + 167rL„a«er), (2.4) 

where a (a > 0) is a free parameter and Lmatter is the Lagrangian for the ordinary matter 
fields,^ the structure of the underlying manifold is Riemannian in nature since both effective 
actions show minimal coupling of the Lagrangian of the ordinary matter fields to the dilaton. 
Both theories are, therefore, compatible with a system of point-independent physical units. 

Under the conformal rescaling (1.1) with Q"^ = (p = the actions Eq. (1.2) and Eq. 
(2.4) are mapped into their conformal actions Eq. (1.3) and 

Sgr = J d^x^e-^{R -{a- + IGne-^ Lmatter), (2.5) 

respectively. The theory that is derivable from this action I shall call as "conformal GR" 
or, alternatively, " string- frame GR". 

At the same time, under (1.1), manifolds of Riemann structure are mapped onto 
manifolds of conf or mally- Riemannian structure also acknowledged as Weyl-integrable 
spaces(WIST) In effect, under the rescaling (1.1) with Q"^ = (p = e^, the Riemannian 
requirement Eq. (2.3) is transformed into the following requirement 

gab-c = gab, (2.6) 

where now semicolon denotes covariant differentiation in a general affine sense with F^^ being 
the [Weyl] affine connection of the conformal manifold. It is given through the Christoffel 



^For a = {ip arbitrary) or -0 = const we recover standard Einstein's general relativity 
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symbols of the metric with a hat {^c}hat and the derivatives of the scalar [dilaton] function 

ip as 

If one compares Eq. (2.6) with the requirement of nonvanishing covariant derivative of 
the metric tensor cjat in the most generic cases of Weyl geometries [^,0 : 

gab;c = fc dab, (2.8) 

in which fa{x) is the Weyl gauge vector, one arrives at the conclusion that the conformally- 
Riemannian geometry -characterized by Eq. (2.6)- is a particular type of Weyl geometry in 
which the gauge vector is the gradient of a scalar function [the dilaton]. 

Therefore, under the transformation (1.1) with Q"^ = (j) = e'^, Riemann geometry is 
mapped into a WIST geometry Hence, theories that are derivable from the actions 
Eq. (1.3) and Eq. (2.5) [that are conformal to Eq. (1.2) and Eq. (2.4) respectively] are 
naturally linked with manifolds of WIST configuration. In other words, in theories showing 
non-minimal coupling of the matter fields to the metric, in particular with the matter part 
of the action of the kind 

Smatter = 167r J d^X\[^ C"^'^ L^atter (2.9) 

[it is conformal to (2.1)], the nature of the underlying manifold is that of a WIST configu- 
ration. In this special case of Weyl spaces, under parallel transport, length variations [that 
are given through dl = I dx^ip^n-, where / = ^nm^"^™ is the length of the vector V'^{x) 
being parallelly transported] are integrable along closed paths: f dl = 0. For this reason, 
in manifolds of WIST configuration, the disagreement with observations due to the "second 
clock effect"!^ |^ -that is inherent to Weyl spacetimes in general- is overcome. 



"The occurrence of additional loss of synchronization due to this effect was the main objection 
Einstein raised against Weyl's unification theory. 
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The equations of free-motion of a material test particle that are derivable from Eq. (2.9) 

^'2,^0, rl T'^^^' rl rf"^ lilt /~f ly'^ /~f rp(^ 

-dS^ + imnUat^^-^{^^-9 )-0, (2.10) 

are conformal to Eq. (2.2). Equations (2.10) coincide with the equations defining geodesic 
curves in spacetimes of WIST structure. These can also be obtained with the help of the 
variational principle 6 J e~~ds = 0, that is conformal to 6 J ds = 0. 

The requirement of nonvanishing covariant derivative of the metric tensor Qab [Eq. (2.6)] 
implies that vector lengths may vary along transport or, in other words, that the units 
of measure may change locally. Therefore WIST geometry represents a generalization of 
Riemann geometry to include units of measure with point- dependent length. 

Summing up. Under the conformal rescaling (1.1) with Q"^ = (p = e"^ theories with 
minimal coupling of the matter fields to the metric [for instance those with the matter part 
of the action of the kind (2.1)] being uniquely linked with manifolds of Riemann structure, 
are mapped into theories with non-minimal coupling of the matter fields to the metric [with 
the matter part of the action of the kind (2.9)] in which the nature of the underlying manifold 
is of WIST structure. In particular, the Riemannian geodesies of the metric Qab are mapped 
under (1.1) with Q"^ = (p = e"^ onto geodesies in manifolds of a WIST structure that are 
specified by the conformal metric Qab and the gauge vector ip^a- Hence in conformal GR, 
in which the underlying manifold is of WIST structure, the physical interpretation of the 
experimental observations is to he given on the grounds of the metric with a hat cjab- 

Finally we shall remark that neither Riemann geometry nor its conformally-Riemannian 
[WIST] geometry is preferred on observational grounds since, they are related through the 
conformal transformation (1.1) that preserves unchanged the labeling of the spacetime co- 
incidence between two particles ||1|. Therefore, experimental observations being nothing but 
just verifications of these spacetime coincidences, are unchanged under (1.1). This means 
that experimental measurements are unable to differentiate these geometries. Neverthe- 
less, as we shall see below, this experimental "duality" of the geometrical interpretation of 
the laws of gravity [P, does not mean that these conformal geometrical interpretations are 
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physically equivalent. This will be shown based on considerations of symmetry. 



III. WEYL-INTEGRABLE GEOMETRY AND TRANSFORMATION OF UNITS 

As we pointed out in Sec. I, Dicke was the first physicist who noticed the importance 
of the transformations of units in gravitation theory He studied, in particular, a units 
transformation of the kind (1.1), i. e., a point-dependent scale factor applied to the units 
of length, time and reciprocal mass. Dicke used the transformation (1.1) with Q"^ = (p = e"^ 
to formulate the BD theory that, in the Jordan frame is given by the action (1.2), in the 
Einstein frame [action (1.3)]. 

In this section we shall extend the Brans-Dicke postulate [|10| to our geometrical discus- 
sion since, it is evident that, the particular choice of the units of the geometry should not 
influence the geometrical laws. Any consistent geometrical description should be insensible 
to the units one chooses. 

However one should be very careful since astrophysical observations put forth evidence 



against the assumption of a general conformal symmetry of the physical laws |T^. Simul- 
taneous holding of the Brans-Dicke postulate and the lack of general conformal symmetry 
of the physical laws seems to be contradictory. For this reason distinction should be made 
between general conformal symmetry and invariance under transformations of units. 

For the purposes of our discussion we shall take the following conformal transformation 

9ab = e'^'^gab, (3.1) 

and the scalar function redefinition 

i, = {l-a)i,, (3.2) 



where a is some constant parameter. This transformation was introduced in Ref. ||2^ with 
a different definition of the scalar factor and scalar field variable. The transformation (1.1) 
with VL^ = e'^ is a particular case of (3.1) when a = 1. 
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If 0" 7^ 1 the transformation (3.1), (3.2) constitutes a one-parameter Abelian group. In 
fact, a composition of two successive transformations with parameters o"i 7^ 1 and o"2 7^ 1 
yields a transformation of the same kind with parameter as = o"i + o"2 — o"iO"2 7^ 1, such that 
cr3((Ji,cr2) = o'3(cr2, (Ti), i. e., the group is commutative. The identity of this group is the 
transformation with a = 0. The inverse is the transformation with a = We see that 

(T— 1 

for a = 1 the inverse does not exist. Hence, the transformation (1.1) with Q"^ = does not 
belong to this group. 

Under the one-parameter set of transformations (3.1) and (3.2), the basic requirement 
of a WIST geometry [Eq. (2.6)] is preserved, i.e., under these transformations, Eq. (2.6) 
is invariant in form [Eq. (4.1) should be previously written as gab = e'^'^gab]'- gab;c = 9ab- 
In particular the geodesic equation of WIST geometry [Eq. (2.10)] is invariant in form too 
under these transformations. Unfortunately it is not true for Riemann geometry; neither 
the basic requirement that gab\\c = nor the geodesic equation (2.2) is invariant under (3.1) 
and (3.2). 

Arguments [of both axiomatic and observational character] have been put foth in the 
literature that point at WIST geometries as the most viable framework for the geometrical 
interpretation of the physical laws and, consequently, for the confrontation of physical ob- 
servations ||8|Jl9|]. Hence, I feel, it is not casual that just WIST geometries possess the above 



group of symmetry. It is just one of the reasons why in Ref. [^ I identified this group of 
symmetry of Weyl-integrable geometry with the one-parameter group of point-dependent 
transformations of the units of measure of this geometry. In what follows I shall call the 
transformations (3.1), (3.2) with o" 7^ 1 simply as "group of units transformations". It is 
important to remark that the transformation (1.1) with Q"^ = (p = e"^ [it corresponds to the 
particular case when in (3.1) a = 1] does not belong to this group and, therefore, it may 
not be interpreted properly as a transformation of units. 

What happens when we approach an effective theory of spacetime?. Take, for instance, 
the Brans-Dicke theory given by the string frame action [action (2.2) with the replacement 
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Sbd = J d^x^e^{R - uj{Wijf + IQue-^ Lrnatter). (3.3) 

It can be verified that (3.3) is invariant in form under (3.1) and (3.2) witli o" 7^ 1 only 
for pure BD or for BD with ordinary matter content with a trace-free stress-energy tensor 
PPIP]. On the other hand, Brans-Dicke theory is naturally linked with Riemann geometry 
that is not invariant under the transformations of the "group of units transformations". This 
means that, in view of the BD postulate, BD theory can not be considered as a consistent 
theory of spacetime. The Einstein frame action for BD theory is not invariant in form under 
this units transformation even for pure gravity so, it is not a consistent formulation of the 
laws of gravity too. The same is true for the canonical Einstein's general relativity due to 
the action (2.4). Moreover, this formulation of general relativity is linked with Riemann 
geometry that, as we have just remarked, is not invariant in form under (3.1) and (3.2) with 
a 7^ 1. This means that canonical Einstein's GR is not yet a complete theory of spacetime. 
This conclusion is not a new one. It is well-known that canonical general relativity should 
be completed with quantum effects. It is the hope that, when such a quantum theory of 
gravity will be worked out, it should be invariant under units transformations of the kind 
(3.1), (3.2) with a 7^ 1. 

On the contrary the action (2.5) for conformal general relativity is invariant in form 
under (3.1) and (3.2) with o" 7^ 1, together with the parameter transformation 

For (7 = 2 the transformation (3.1), (3.2), (3.4) ijjab = e~'^'^gab,'4' = — ^) does not touch 
the free parameter of the theory a. Besides, since the "string coupling" g ~ e^, in this case 
"strong" and "weak" couplings are interchanged [strong- weak symmetry]. 

The invariance of the pure gravitational part of (2.5) under (3.1), (3.2) and (3.4) with 



^For testing BD theory, transformations (3.1) and (3.2) should be completed with a transformation 



of the BD coupling constant uj 



a;-|o-((T-2) 



(l-a) 
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cr 7^ 1 is straightforward. It is essentially the same as the pure gravitational part of BD 
theory, which invariance under these transformations [with a = u; + |] has been checked, 
for instance, in [Q. For the matter part of (2.5) [it coincides with Eq. (2.9)] we have that, 
under (3.1) [recall that Eq. (3.1) should be previously written as Qab = e.^'^Qab] 

S^auer = 16vr / d^x^ge-'H^^uer = 16vr / d^xV^ge-^^^-^^H^^uer, (3.5) 

since \^—g = (?"^ ^—g. Taking into account Eq. (3.2) we complete the demonstration that 
(2.5) is invariant in form under the transformation of units (3.1), together with the scalar 
field redefinition (3.2) and the free-parameter transformation (3.4) with a 7^ 1 even when 
matter fields are present. 

In view of the partial results of this section, it should be remarked that, although the 
laws of gravity that are derivable from the action (2.5), in general, are not invariant under 
(3.1), (3.2) when a is arbitrary [this includes the case when a = 1], they are invariant under 
these transformations [plus (2.14) and (2.18)] when a 7^ 1, i. e., they are invariant under the 
transformations of the "group of units transformations". Hence, we reach to the conclusion 
that, in view of the requirement of the Brans-Dicke postulate, the conformal formulation 
of general relativity (or string frame formulation) is a consistent formulation of the laws of 
gravity and, therefore, should be taken as a serious alternative for the formulation of the 
laws of gravity. Consequently, observational evidence should be geometrically interpreted 
on the grounds of Weyl-integrable geometry. 

IV. WEYL GEOMETRY AND SPACETIME SINGULARITIES 

Yet another consequence is related with the conformal transformations of the kind (1.1). 
It is connected with the spacetime singularities that usually arise in Riemannian manifolds. 
Under (1.1) the Ricci tensors with a hat and without it are related through 

Rab = Rab - Sgab^-^Vny + ^-^(2^.,, + ^.^Dfi), (4.1) 
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where the covariant derivative in the right hand side(RHS) of eq.(2.11) is given in respect 
to the metric Qab- Hence the condition R^nK'^K'^ > is transformed into the following 
condition: 

RmnK"'K^ - Sg^nK'^K^n-^Vnf + 2n-'arnnK'^K^ + gmuK"^ K^^^'^n^ > 0, (4.2) 

where the non-spacelike vector K'^^gr^^K'^K'^ < 0) is related with K°- through K"- = Q~^K"'. 
This means that the condition (2.12) may be fulfilled even if RmnK'^K'^ < and, corre- 
spondingly, in the conformal manifold with metric gab some singularity theorems may not 
hold. Therefore, in principle, spacetime singularities occurring in Riemann geometry may be 
removed in its equivalent Weyl-integrable geometry generated by the physically meaningless 
transformation of units (1.1). It is very encouraging since, as shown in previous sections, 
Weyl-integrable geometry meets the requirements of BD postulate and, consequently, rep- 
resents a consistent geometrical setting where to interpret the observational evidence. 

Without loss of generality we shall study the Raychaudhuri equation for a congruence of 
time-like geodesies without vorticity, with the time-like tangent vector V"-: 

^ = -RmnV^V^ - 2a' - ie^ (4.3) 
ds 3 

where G is the volume expansion of the time-like geodesic and a is the shear. As seen from 
(4.1) © will monotonically decrease along the time-like geodesic if RmnK'^K'^ > for any 
time-like vector K(the time-like convergence condition). 

Under (1.1) the Raychaudhuri equation (4.1) is mapped into: 

^ = -RmnV-'V'' - 2a' - ^e' + n~%^V-Q + - 3^^)/^"-, (4.4) 

where h'^'^ = g""^ -\- V"-V^. The additional fourth and fifth terms in the right-hand side(RHS) 
of Eq. (4.2) have non-definite sign and hence can, in principle, contribute to expansion 
instead of contraction. When the contribution to expansion of these terms (if they effectively 
contribute to expansion) becomes stronger than the contribution to focusing of the first 
three terms, then contraction changes into expansion and no singularity occurs. In this case 
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wormhole spacetimes are allowed instead of singular ones. A less ambiguous discussion of 
this subject could be given only after incorporation of an effective theory of spacetime. 

As an effective theory of spacetime we shall approach general relativity with an extra 
scalar field t/j, given by the canonical action Eq. (2.4). The equations derivable from this 
action are 

where the gravitational constant G — 1, Gab = Rab — \9abR, Tab — 7^ ^^^^gaT"**'"'^ is the 
stress-energy tensor for the matter fields, and ^ times the 2nd term in the rhs of Eq.(4.5) 
is the stress-energy tensor for the scalar field. The following wave equation for is also 
derivable from the action (2.4), 

□-0 = 0. (4.6) 
The stress-energy tensor Tab fulfills the conservation equation 

= 0. (4.7) 
For illustration we shall study two generic situations. 



A. The Schwarzschild black hole 

In this section, for simplicity, we shall interested in the static, spherically symmetric 
solution to Riemannian general relativity (Einstein frame GR with a > 0) for material 
vacuum, and in its conformal Weyl-integrable picture (conformal GR). In this case the field 
Eq. (4.5) can be simplified 

Rab = Oll/J^a'il^^b- (4.8) 

We shall study separatelly the cases with a — and a > 0. For a — the solution to 
Eq. (4.8) [in Schwarzschild coordinates] looks hke 
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ds^ = -(1 - '^)dt' + (1 - '^r'dr' + r'dn', (4.9) 
where dfi^ = dO'^ + sin^ Odip'^. Meanwhile the solution to Eq. (4.6) is found to be 

2777, 

V' = gln(l ), (4.10) 

r 

where m is the mass of the point, located at the coordinate beginning, that generates 
the gravitational field and q is an arbitrary real parameter. As seen from Eq.(4.9) the 
static, spherically symmetric solution to Eq.(4.8) is just the typical Schwarzschild black hole 
solution for vacuum. The corresponding solution for conformal GR can be found with the 
help of the conformal rescaling of the metric (1.1) with fl"^ = cj) = e"^ = {1 — "^Y'- 

ds^ = -(1 - '^y-'dt^ + (1 - '^)-'-'dr^ + p^dn^, (4.11) 

where we have defined the proper radial coordinate p = r(l — ^)~2. In this case the 
curvature scalar given in terms of the metric with a hat is given by 



R = —r-'Vr.^Vm^ = -^(1 - ^).-l. (4.12) 



The real parameter q labels different spacetimes {M, g^^j^ ^tjj^'^'^), so we obtained a class 
of spacetimes {{M, g^^fj ,ilj^''^)/q G 3ft} that belong to a bigger class of known solutions ^1 . 
These known solutions are given, however, for an arbitrary value of the coupling constant 
= a — |. 

We shall outline the more relevant features of the solution given by (4.6). For the range 
— oo < g < 1 the Ricci curvature scalar (4.7) shows a curvature singularity at r = 2m. For 
— oo < g < this represents a timelike, naked singularity at the origin of the proper radial 
coordinate p = 0. Situation with g = is trivial. In this case the conformal transformation 
(1.1) coincides with the identity transformation that leaves the theory in the same frame. 
For g > 0, the limiting surface r = 2m has the topology of an spatial infinity so, in this 
case, we obtain a class of spacetimes with two asymptotic spatial infinities -one at r = cx3 
and the other at r = 2m- joined by a wormhole with a throat radius r = (2 + g)m, or the 
invariant surface determined by p^m = g(l + |)^^2m. 
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This way, Weyl-integrable spacetimes conformal to the Riemannian Schwarzschild black 
hole one are given by the class {{M,g'^£ ,il)^''^)/q > 0} of wormhole (singularity free) space- 
times. 

When a > there is a physical scalar in the Einstein frame. The corresponding solution 
to Eq.(4.8) is given by [ pi[] : 

rfs2 = _(i _ '^)Pdf + (1 - —y^dr' + p'd^^ (4.13) 
pr pr 

while the solution to Eq. (4.6) is found to be 

V' = gln(l-— ), (4.14) 

pr 

where + 2aq'^ = 1, p > 0. For non-exotic scalar matter [a > 0] < p < 1. In Eq. 
(4.13) we have used the definition p = (1 — for the Einstein frame proper radial 

coordinate. There is a time-like curvature singularity at r = so the horizon is shrunk to 
a point. Then in the Einstein frame the validity of the cosmic censorship hypothesis and, 
correspondingly, the ocurrence of a black hole are uncertain |^ . 
The solution conformal to (4.13) is given by 

ds^ = -(1 - —y-'^dt^ + (1 - —yp-idr^ + p^dn'', (4.i5) 

pr pr 



where the conformal proper radial coordinate p = r(l — — ) 2 ' was used. In this case. 



pr 



when a is in the range < a + | < 2{i'-p) > Weyl-integrable spacetime shows again two 
asymptotic spatial infinities joined by a wormhole. 

The singularity-free character of the Weyl-integrable geometry should be tested with the 
help of a test particle that is acted on by the conformal metric in Eq.(4.15) and by the scalar 
field ip = gln(l — ^). Consider the radial motion of a time-like test particle {dQ'^ = 0). In 
this case the time-component of the motion equation (2.10) can be integrated to give 

= _C2(1 - ^y-^p^ (4.16) 
pr 

where Cf is some integration constant and the overdot means derivative with respect to the 
conformal proper time r (rfr^ = —ds^). The integration constant can be obtained with the 



help of the following initial conditions: r(0) = ro, r(0) = 0, meaning that the test particle 
moves from rest at r = tq. We obtain Cf = —(1 — ^)^. Then the proper time taken for the 
particle to go from r = tq to the point with the Schwarzschild radial coordinate tq < r < ^ 
is given by 



T= / , . (4.17) 

' /(I '2m\p Q ^my/^ _ 2rn\ ^ ' 



While deriving this equation we have used Eq. (4.15) written as follows: — 1 = (1 — 
^f-'^di'^ - (1 - ^)~P-'^df^. The integral in the RHS of Eq. (4.15) can be evaluated to 
obtain (g 7^ 2) 



p / V pro- 



2(1 2m,. , , 2m,-,_,, 
1- I " p ^ ^ p 



r > ^^^-j-f^liro - —y^i - (r - — )^-t], (4.18) 

and 



2m ro- — 

r>—H^^), (4.19) 

p J- — £111 

for q = 2. For q > 2 the proper time taken by the test particle to go from r = tq to r = ^ is 
infinite showing that the particle can never reach this surface (the second spatial infinity of 
the wormhole). Then the time-like test particle does not see any singularity in the spacetime 
of a WIST configuration that is given by the line-element (4.15). 

If we consider the scalar field ip as a. perfect fiuid then we find that its energy density as 
measured by a comoving observer is given [in terms of WIST geometry] by 

, _ 2_nlfa _ 2_rn 

QTtp'^r^ pr 

It is everywhere non-singular for q > (0 < p < 1) in the range 2m < r < 00. This 
means that the scalar matter is non-exhotic and shows a non-singular behaviour evrywhere 
in the given range of the parameters involved. 

Although the wormhole picture is not simpler than its conformal black hole one, it is 
more viable because these geometrical objects (WIST wormholes) are invariant respecting 
the transformations of the units of length, time and mass as it was shown in the former 
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section. As noted by Dicke [|l| , these transformations should not influence the physics if the 
theory is correct. The Riemannian Schwarzschild black hole, for his part, does not possess 
this invariance. 



B. Friedmann-Robertson- Walker cosmology 

Now we shall study homogeneous and isotropic universes with the Friedmann-Robertson- 
Walker(FRW) line-element [given in terms of the Riemann metric gab\ 

ds^ = -dt^ + a\t){ ^ , , +rW), (4.21) 
1 — /cr^ 

where a(t) is the scale factor, dfl"^ = di)"^ -|-sin^ '^dip'^ and A; = for flat, /c = — 1 for open and 
k = +1 for closed universes. The universe is supposed to be fllled with a barotropic perfect 
fluid with the barotropic equation of state p = (7 — l)/i, where fi is the energy density 
of matter and the barotropic index < 7 < 2. The perfect fluid stress-energy tensor is 
Tab = ifJ' + pWaVb + POab- Equatious (4.5), (4.6) and (4.7) lead to the following equation for 
determining the scale factor 



,a^r, k M aA^ 
a' a? a^T 



' + ^ = ^ + ^' (4-22) 



where the overdot means derivative with respect to the proper time t. M and A are arbitrary 
integration constants. While deriving Eq. (4.22) we have considered that after integrating 
Eq. (4.6) once we obtain %l) = while (4.7) gives /x = 

If we take the time-like tangent vector of a co moving observer V"" = 6q, then the Ray- 
chaudhuri equation (4.3) can be written as 

• „ 97M 9aA^ 3k , 
=-0^^ ^ + 4.23 

where we took the reversed sense of the proper time —00 < t < 0, i. e., a{t) runs from inflnity 
to zero. The well-known results of GR emerge from a careful analysis of this equation. 
For k = and k = —1, Eq. (4.23) gives focusing of the fluid lines, leading to a global 
singularity at t = where the density of matter becomes inflnite and the known physical 
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laws breakdown. For k — +1 a{t) is a monotonic function of the proper time. It grows from 
zero to a maximum value and then decreases to zero. Eq. (4.23) gives focusing of the fluid 
lines twice (the value a = occurs twice) as required. The closed universe emerges from 
a global initial singularity, grows and then merges into a final singularity. All these results 
are well-known in general relativity on Riemann manifolds. Our goal here is to show what 
happens when we formulate general relativity on a manifold of WIST structure. 

If we set Q in Eq.(l.l) to be = then the Raychaudhuri equation in the corresponding 
Weyl-integrable manifold can be written in terms of the Riemann scale factor a{t) as 



where t — J e'^dt is the proper time in the Weyl spacetime generated by the transformation 
(1.1) with fl = applied to the FRW -Riemannian- spacetime with the line-element (4.21). 
For simplicity we shall concentrate on flat {k — 0) and open {k — —1) universes (the case 
k — +1 requires a very detailed analysis). For big a Eq. (4.24) shows that focusing of 
the fluid lines occurs. As we go backwards in time t, a decreases and, for sufficiently small 
a ^ 1, Eq. (4.24) can be written as 



{-3a±2V6^--). (4.25) 

If we choose the branch of the solution of the wave equation (4.6) 

V,±=V'otV6a/^, (4.26) 

that is given by the choice of the sign in (4.26) (-00 is an integration constant), then 
when a is in the range < a < | and for small enough a, Eq.(4.24) [and correspondingly 
Eq. (4.25)] shows that contraction of fluid lines turns into expansion and no singularity is 
formed in the Weyl-integrable spacetime conformal to the Riemannian FRW one. In fact, 
while the curvature scalar R in terms of the original [Riemannian] metric 

= A[(4 _ 37)Ma^('-^) - 2aA% (4.27) 

CL 
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is singular at a = 0, its conformal (in the '+' branch and for small a) behaves like 

R+ ~ -3(2a - 3)^2g^o^x/|-6_ ^4 28) 

For a < |, R'^ is bounded even for a — 0. Moreover, for = and = — 1, and 
< Q! < |, is regular and bounded everywhere in the range < a < oo. In the spacetime 
of WIST configuration the fluid hues converge into the past up to the moment when a 
becomes small enough and then they diverge. This is the way the spacetime singularity 
that always occurs in the FRW [Riemannian] spacetime given by (4.21), is removed in its 
conformally-Riemannian spacetime. 

The following question is to be raised. Is illusory the vanishing of the cosmological 
singularity in the spacetime of WIST configuration?. In other words: would fluid particles 
feel a singularity in the Weyl-integrable spacetime even if the geometry seems to be that 
of a cosmological wormhole?. In this sense we shall remark that the inevitabillity of the 
cosmological singularity in the Riemann manifold with the FRW line-element (4.21) is linked 
with the fact that the fluid lines are incomplete into the past [the proper time t is constrained 
to the range <t < +oo]. In its conformal wormhole spacetime given by the line-element 



ds' = -dr' + d\t){-—— + r'd^l'), (4.29) 

1 KT 

where d = e^a, the fluid lines are complete in the manifold of WIST structure. In particular, 
when t goes over the range < t < +oo, r goes over the range — oo < r < -|-oo. While 
the matter density seen by a comoving observer in the Riemann geometry T^^V^^V^ — A* 
{V"' = 6q) is singular at t = 0(a = 0), the corresponding energy density as measured by 
a comoving observer in Weyl-integrable geometry — e^V^), TrnnV"^V"' — e^'^^ ji is 
regular and bounded for all times < t < -|-oo (— oo < r < -|-oo). The same is true for the 
energy density of the scalar field fi^ measured by a comoving observer. Hence, the absence 
of spacetime singularities in a Weyl-integrable spacetime (conformal to a singular spacetime 
of Riemann structure) is a real feature of this geometry. 

We should explain yet another thing. The vanishing of the cosmological singularity in 
the Weyl spacetime is allowed only in the branch of our solution. In the '-' branch the 
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Weyl spacetime is singular too (like the Riemann one). Hence we should give a physical 
consideration why we chose the '+' branch. In this sense we shall note that under the 
conformal transformation (1.1) with Q"^ = e^, the action (2.4) is mapped into its conformal 
action (2.5). 

Hence in the Weyl-integrable manifold e'"^ plays the role of an effective gravitational 
constant G. For the '-' branch G runs from zero to an infinite value, i.e., gravity becomes 
stronger with the evolution of the universe and in the infinite future it dominates over the 
other interactions (or becomes of the same range), that is in contradiction with the usual 
unification scheme. On the contrary, for the '+' branch, G runs from an infinite value to a 
finite constant value as the universe evolves and, hence, gravitational effects are weakened 
as required. The fact that, in this branch, the vanishing of the singularity is effective only 
for < a < I can be taken only as a restriction on the values the free parameter a can take. 

Exact analytic solutions for conformal general relativity with a barotropic perfect fluid 
can be found in Ref. |^ for fiat FRW cosmology and in Ref. for open dust-filled and 
radiation-filled universes. 

Finally I shall remark that, since conformal general relativity is invariant under the 
transformations of the units of length, time and mass, the WIST wormhole solution (Eq. 
(4.11) for a = and Eq. (4.15) for a > 0) and the FRW bouncing spacetime of WIST 
structure Eq. (4.29) -being obtained within the context of conformal GR- are invariant 
objects under (3.1), (3.2) and (3.4) with a ^ 1. Their conformal singular [Riemannian] 
spacetimes do not share this symmetry. Hence, following symmetry arguments, the picture 
without singularity is more viable than the one with spacetime singularities. 



V. WEYL GEOMETRY AND THE QUANTUM 

There are some results that hint at Weyl-integrable geometry as a geometry that can 
take account, in a natural way, of the quantum effects of matter. In Ref. P,pr5|, for instance. 



the authors suggested a deep connection between quantum mechanics and Weyl structures. 
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This connection had been made evident in the early times of London [|T4|. He found that 



some quantum rules could be obtained from a classical description based on Weyl geometry. 
Another argument may be found in Ref. where the authors demonstrated that there 
is some kind of correlation between objects in classical gravity on Weyl manifolds and in 
quantum non Abelian field theory. 

In the present section I should like to present other arguments in this direction. The first 
but, not the unique, is linked with the following circunstance. Weyl-integrable geometry is 
already invariant under the group of units transformations [Eq. (3.1), (3.2) and (3.4) with 
o" 7^ 1] as required for any geometrical setting where to describe the physics that is itself 
insensible to the transformations of the units of measure one chooses. I hope that a final 
quantum theory of spacetime should reflect this invariant behaviour. 

Another interesting argument in this sense is connected with an idea presented in refer- 



ence 



)T8| . These papers were based on the de Broglie-Bohm quantum theory of motion [[17 
The authors showed that the quantum effects of matter, being explicit in one frame through 
the following expression, (VS*)^ = m^(l + Q), where S is the canonical action for the matter 
fields, m is the constant mass of the matter particles and Q is the matter quantum potential, 
can be hidden in a conformal transformation of the kind (1.1) in the conformal formulation 
of this expression. They concluded that the quantum effects of matter are already contained 
in the conformal metric they called as "physical metric". They were led to this conclusion 
since, the non-geodesic motion of matter particles in one frame (due to the quantum force), 
is mapped into (apparently) a geodesic motion in the conformal frame if one considers that 
in (1.1) Q"^ = 1 + Q. We are not concerned here with the validity of these results. Our 
approach is a little different although the leading idea is the same. We shall take the action 
(2.4) for GR in the Einstein's formulation that does not contain the quantum effects. In 
this formulation material test particles follow the geodesies of the Riemann geometry 

Under the conformal rescaling (1.1) with = e"^, this equation is mapped into 
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+ { l.n}Hat%-%- = i:M^^ - (5.2) 



dp ' ds ds 2^'"' ds ds 

If we set e'^ = l+Q, where Q is the matter quantum potential, hence we can consider that 
the RHS of Eq. (5.2) is the quantum force. This means that under the conformal rescahng, 
the classical motion given by (5.1) is mapped into a quantum motion in the conformal frame. 
In fact, under a conformal transformation of the kind (1.1) with Vt^ = = 1 + Q, the 
geodesic equations of Riemann geometry [Eq.(5.1)] are mapped into the Eq.(5.2) defining a 
non-geodesic motion on a spacetime with metric cjab provided that the Riemaniann structure 
of the geometry is preserved under (1.1). 

However, we must acknowledge that Eq. (5.2) defines, in fact, a time-like geodesic in a 
Weyl-integrable manifold (as discussed in Sec. II of this paper). This means that a free- 
falling test particle would not "feel" the quantum force if the motion is interpreted on the 
grounds of a WIST geometry and, correspondingly, the metric with a hat cjab is taken to give 
the physical interpretantion of the experimental observations. This hints at the conclusion 
that Weyl-integrable geometry contains implicitly the quantum effects of matter, i.e., it is 



already a quantum geometry 



Yet another result that hints at Weyl geometry as a geometry that implicitly contains 
the quantum effects of matter has been already presented in Sec. IV. In the usual Einstein's 
formulation of general relativity, the occurrence of spacetime singularities is inevitable if 
the matter obeys some reasonable energy conditions. It is usually linked with the lack of 
quantum considerations in this formulation of GR. This can be thought of as a property of 
Riemann spacetimes in general. Hence, we can regard Riemann geometry as an "incomplete" 
geometry since it must be "completed" with the inclusion of quantum effects. In general, 
we are tempted to call geometries compatible with geodesically incomplete spacetimes as 
incomplete geometries. Then we are led to consider the incompleteness of a given geometry 
and, correspondingly the ocurrence of spacetime singularities in it, as due to the fact that 
it does not consider the quantum effects of matter. 

As we have already shown in Sec. HI for both Schwarszchild spacetime and FRW cos- 
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mology, singularities occurring in usual Einstein's GR that is naturally linked with Rie- 
mann geometry, are removed in the conformal formulation that is naturally linked with 
Weyl-integrable geometry. Singular Riemannian spacetimes are mapped under the confor- 
mal rescaling (1.1) into wormhole [singularity-free] spacetimes of WIST structure. In other 
words, in these cases the incomplete Riemann geometry is conformal to a complete Weyl- 
integrable geometry. We hope that completeness of Weyl-integrable geometry means that it 
implicitly contains the quantum effects of matter. 

If our considerations here are correct then, we can reach to the following conclusion. 
Complete Weyl-integrable geometries should be taken as a proper framework for describing 
the physical laws of nature without the unnatural separation of physics in classical and 
quantum laws. Consequently, conformal (string frame) GR in which the underlying manifold 
is of WIST configuration, provides an intrinsically quantum description of gravity. 

VI. IS THE GEOMETRY OF THE WORLD UNIQUE? 

The fact that physical observations can not distinguish a Riemann manifold with sin- 
gularities from a Weyl-integrable manifold without them, is very striking. Experimental 
observations show, in particular, that there are several astrophysical black holes located in 
our universe. One of them is located in the center of our own galaxy. 

In this paper [and for the first time in Ref. f^] it has been shown that under a conformal 
rescaling of the kind (1.1), what appears as a Schwarzschild black hole in a Riemann space- 
time is mapped into a wormhole (singularity-free) spacetime of WIST configuration. Since 
the conformal transformation (1.1) does not touch the spacetime coincidences [coordinates], 
i. e., spacetime measurements are unchanged under this transformation, hence we can con- 
clude that a Riemannian Schwarzschild black hole is observationally indistinguishable from 
a Weyl-integrable wormhole spacetime. Although an astrophysical black hole does not has 
the high symmetry inherent to a Schwarzschild black hole, we expect that under (1.1) it is 
transformed into a some kind of astrophysical wormhole or a similar astrophysical object 
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without singularity. Hence we arrive at a kind of "duality" of the geometrical representation 
of our real [observationally testable] world. Our previous discussion resolves this "duality". 
In effect, Riemann geometry [with the undesirable occurrence of singularities] is not a consis- 
tent framework for confronting our experimental observations since it is not invariant under 
a general transformation of units (in particular the transformation of units studied in the 
present paper), while the experimental measurements should not depend on the particular 
values of the units of measure one chooses. In this context, we may interpret the occurrence 
of black holes (in particular astrophysical black holes when experimental observations are 
concerned) as due to a wrong choice of the geometrical framework for describing the laws 
of gravity [and, consequently, as due to a wrong choice of the formulation of the laws of 
gravity] . Weyl-integrable geometry seems to be this correct geometrical framework since the 
basic requirement under which it rests [Eq. (2.6)] is not affected by the units transformation 
studied here. Hence, although the occurrence of compact astrophysical objects has been 
made evident by the experimental observations, these should not be confronted as Rieman- 
nian black holes containing singularities but as wormholes of Weyl-integrable configuration 
without them. 

A final remark about the transformations (3.1), (3.2) with a ^ 1. These can be viewed 
as a transformation in the space of the parameter of the theory a. In effect, under the 
above transformations we move within the parameter space a so the set of spacetimes 
{(M,^i"\V^(°))/Q; e where M is a smooth manifold of Weyl-integrable configuration, 
forms an equivalence class. The spacetimes in this class are physically equivalent for the 
representation of the physical reality. This equivalence includes, of course, observational 
equivalence. The physical laws look the same in all of the spacetimes that belong to the 
former equivalence class. We are then led to a kind of postulate of equivalence of geometries: 
There exists an infinite set of spacetimes (A^, g'^^) of WIST configuration, that are physically 
equivalent and equally consistent, for the description of the physical laws. This can be viewed 
as an extension of the postulate of equivalence of coordinate systems linked by general 
coordinate transformations in GR. 
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The consequence of the postulate of equivalence of conformally-Riemannian [Weyl- 
integrable] geometries for the description of the physical reahty I shall call as " geometrical 
relativity". I think this will represent a natural extension of general relativity to include 
invariance under the one-parameter group of point-dependent transformations of the units of 
lenght, time and mass and, if our considerations in Sec. V are correct, to implicitly include 
the quantum effects of matter. 

Finally we shall remark that the relativity of geometry implies nothing but just relativity 
of the geometrical interpretation of the physical reality. Physical reality itself is unique. 

It will be of interest, in the future, to look at more general transformations of units than 
those given in this paper in order to further extend our results. 
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